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Notation

Matrices: upper-case

A B, UW

Vector: I"#$, (usually) lower-case

X, Yy, V, W (handwriting: X — X))
Elements of matrix, vector: lower-case
Q;5, 05, Vj, Uy

Scalar numbers: lower-case, no indices
a,b,cl!,”



Vectors and matrices
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What is a vector?

geometric view
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Vector length

Length (norm):
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Vector-scalar product
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geometric view
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Sum of vectors
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Adding vectors: stacking them end-to-end



Unit vector: any vector of length 1
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Every point on !%('&dimensional sphere of unit radius in %(dim space is a unit vector



Vector, matrix transpose
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Vector norm as an inner product
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Inner product (dot product)
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Geometric view: projection of %on & times normof &( U' Vv = ||u]|||v]| cos()




Inner product for projection
v,u! R"™

If &is a unit vector, then inner product the projection of Y%on &' U TV = ‘ ’V ’ ‘ COS(! )




Example: inner product
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Example: inner product
v,u! R"™

Example: U ! Vv

u'v = [[ulll|v] cos(6) = 0
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Matrix-vector product as inner-product
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Matrix-vector product as inner-product
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Matrix-vector product as inner-product
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AV =

Matrix product
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System of equations

" equations in %ounknowns !5 - 5, &*##
a;1Vi +ad& ajmvm = by
aVi +ad& amVvn =
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a 1V1 +aa& anm Vim = by



System of equations

" equations in %ounknowns !5 - 5, &*##
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System of equations: when does unique solution exist?

" equations in % unknowns: 67"78)9/::; a unique solution exists when same number of

constraints !"&as unknowns %&Thus, "<%#=8#S#¥quare.
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Geometric view: when does a unique solution exist?

Start with 2-dimensional problem: 2 unknowns, 2 equations

a1 + a1222 = by uUNkNowns X 1, X»

(211 + A92x2 = b

A a91X1 + a99x9 = b
X 2101 299 2

a11T1 + @122 = by

(/) solution: at intersection where both equations hold




Geometric view: when does a unique solution exist?

Start with 2-dimensional problem: 2 unknowns, 2 equations

a1 + a1222 = by uUNkNowns X 1, X»

(211 + A92x2 = b

A a91X1 + a99x9 = b
X 2101 299 2

a11T1 + @122 = by

(/) solution: at intersection where both equations hold

>
X1

>7"78)9/::; two infinite lines in 2D space intersect at a (single) location thus
(unigue) solution exists.



Geometric view: when does a unique solution "=1 exist?

1. Offset parallel lines: no solution exists

A
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A91T1 + A92To = by Q1171 + Q12T = bl

_bz/a21 bl/an 56’1



Algebra: when does a unique solution "=1exist?

1. Offset parallel lines: no solution exists

A
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A91T1 + A92To = by Q1171 + Q12T = bl

_bz/a21 bl/an 56’1

az1/a 2 = arfar

11022 — A120G21

aijiage — ajzaz; =0



Algebra: when does a unique solution "=1exist?

2. Aligned parallel lines: infinitely many solutions

X2 a2171 + a22T2 = b

a11T1 + @122 = by

bl/an 56’1
ba/ax

aj1a22 — ajzaz; =0

bi/ai; = /ag



Algebraic view: existence of unique solution in terms of
coefficient matrix 3#

det(A) = ai1a22 — ai2a21

2-dim system of equations with square coefficient matrix 3 has a unique solution when:

det(A) &0

Same condition for %-dim system of equations with square coefficient matrix.



Linear system: possibilities#

* 1 unique solution
* No solutions
* Infinitely many solutions



